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Abstract
A graph Γ is said to be symmetric if its automorphism group Aut(Γ) is transitive
on the arc set of Γ. Let G be a finite non-abelian simple group and let Γ be a
connected pentavalent symmetric graph such that G ≤ Aut(Γ). In this paper, we
show that if G is transitive on the vertex set of Γ, then either GEAut(Γ) or Aut(Γ)
contains a non-abelian simple normal subgroup T such that G ≤ T and (G,T ) is one
of 58 possible pairs of non-abelian simple groups. In particular, if G is arc-transitive,
then (G,T ) is one of 17 possible pairs, and if G is regular on the vertex set of Γ,
then (G,T ) is one of 13 possible pairs, which improves the result on pentavalent
symmetric Cayley graph given by Fang, Ma and Wang in 2011.
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1 Introduction
Let G be a permutation group on a set Ω and let α ∈ Ω. Denote by Gα the stabilizer of
α in G, that is, the subgroup of G fixing the point α. We say that G is regular on Ω if for
any two points there is a unique element of G mapping one to the other. Denote by Zn,
Dn, An and Sn the cyclic group of order n, the dihedral group of order 2n, the alternating
group and the symmetric group of degree n, respectively. For a subgroup H of a group
G, denote by CG(H) the centralizer of H in G and by NG(H) the normalizer of H in G.
Throughout this paper, all groups and graphs are finite, and all graphs are simple and
undirected. For a graph Γ, we denote its vertex set and automorphism group by V (Γ)
and Aut(Γ), respectively. A graph Γ is said to be G-vertex-transitive for G ≤ Aut(Γ) if
G acts transitively on V (Γ), G-regular if G acts regularly on V (Γ), and G-symmetric if
G acts transitively on the arc set of Γ (an arc is an ordered pair of adjacent vertices). In
particular, Γ is vertex-transitive or symmetric if it is Aut(Γ)-vertex-transitive or Aut(Γ)-
symmetric, respectively. The graph Γ is a Cayley graph on G if G is regular on the vertex
set of Γ, and the Cayley graph is normal if G is a normal subgroup of Aut(Γ).
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Let G be a non-abelian simple group and let Γ be a pentavalent symmetric G-vertex-
transitive graph. In this paper, we show that either G E Aut(Γ) or Aut(Γ) contains a
non-abelian simple normal subgroup T such that G < T and (G, T ) is one of 58 possible
pairs of non-abelian simple groups. The motivation of this investigation comes from the
two extreme cases, that is, G-symmetric and G-regular.
There are two steps to study a symmetric graph Γ — the first step is to investigate the
normal quotient graph for a normal subgroup of an arc-transitive group of automorphisms
(see Section 2 for the definition of quotient graph), and the second step is to reconstruct
the original graph Γ from the normal quotient by using covering techniques. This is
usually done by taking a maximal normal subgroup such that the normal quotient graph
has the same valency as the graph Γ, and in this case, the normal quotient graph is
called a basic graph of Γ. The situation seems to be somewhat more promising with 2-arc-
transitive graphs (a 2-arc is a directed path of length 2), and the strategy for the structural
analysis of these graphs, based on taking normal quotients, was first laid out by Praeger
(see [23, 24]). The strategy works for locally primitive graphs, that is, vertex-transitive
graphs with vertex stabilizers acting primitively on the corresponding neighbors sets (see
[25, 26]). For more results, refer to [9, 20] for example. For a non-abelian simple group G,
the G-symmetric graphs are important basic graphs and have received wide attention. For
example, Fang and Praeger [6, 7] classified G-symmetric graphs admitting G as Suzuki
simple groups or Ree simple groups acting transitively on the set of 2-arcs of the graphs.
For cubic G-symmetric graph, it was proved by Li [19] that either G is a normal in Aut(Γ),
or (G,Aut(Γ)) = (A7, A8), (A7, S8), (A7, 2.A8), (A15, A16) or (GL(4, 2),AGL(4, 2)). Fang
et al [3] proved that none of the above five pairs can happen, that is, G is always normal in
Aut(Γ). In this paper, we show that if Γ be a connected pentavalent G-symmetric graph,
then either GEAut(Γ) or Aut(Γ) contains a non-abelian simple normal subgroup T such
that G < T and (G, T ) is one of 17 possible pairs of non-abelian simple groups.
Investigation of Cayley graphs on a non-abelian simple group is currently a hot topic
in algebraic graph theory. One of the most remarkable achievements is the complete
classification of connected trivalent symmetric non-normal Cayley graphs on finite non-
abelian simple groups. This work was began in 1996 by Li [19], and he proved that a
connected trivalent symmetric Cayley graph Γ on a non-abelian simple group G is either
normal or G = A5, A7, PSL(2, 11), M11, A11, A15, M23, A23 or A47. In 2005, Xu et al [32]
proved that either Γ is normal or G = A47, and two years later, Xu et al [33] further
showed that if G = A47 and Γ is not normal, then Γ must be 5-arc-transitive and up to
isomorphism there are exactly two such graphs.
Let Γ be a connected symmetric Cayley graph Γ on a non-abelian simple group G.
Fang, Praeger and Wang [8] developed a general method to investigate the automorphism
group Aut(Γ), and using this, the symmetry of Cayley graphs of valency 4 or 5 has been
investigated in [4, 5]. Now let Γ be non-normal and of valency 5. Fang et al [5] proved that
if Aut(Γ) is quasiprimitive then (G, soc(Aut(Γ))) = (An−1,An), where either n = 60 · k
with k
∣
∣ 215 ·3 and k 6= 3, 4, 6, 8 or n = 10·m with m
∣
∣ 8, and if Aut(Γ) is not quasiprimitive
then there is a maximal intransitive normal subgroup K of Aut(Γ) such that the socle
of Aut(Γ)/K, denoted by L¯, is a simple group containing G¯ = GK/K ∼= G properly,
where (G¯, L¯) = (Ω−(8, 2),PSp(8, 2)), (A14, A16), (An−1, An) with n ≥ 6 such that n is a
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divisor of 217 · 32 · 5 or G¯ = L¯ is isomorphic to an irreducible subgroup of PSL(d, 2) for
4 ≤ d ≤ 17 and the 2-part |G|2 > 2
d. In this paper, we prove that Aut(Γ) contains a
non-abelian simple normal subgroup T such that G < T and (G, T ) is one of 13 possible
pairs of non-abelian simple groups. The following is the main result of this paper.
Theorem 1.1 Let G be a non-abelian simple group and Γ a connected pentavalent sym-
metric G-vertex-transitive graph. Then either G E Aut(Γ), or Aut(Γ) contains a non-
abelian simple normal subgroup T such that G < T and (G, T ) = (Ω−8 (2),PSp(8, 2)),
(A14, A16), (PSL(2, 8), A9) or (An−1, An) with n ≥ 6 and n
∣
∣ 29 · 32 · 5.
Corollary 1.2 Let G be a non-abelian simple group and Γ a connected pentavalent G-
symmetric graph. Then either G E Aut(Γ), or Aut(Γ) contains a non-abelian simple
normal subgroup T such that G < T and (G, T ) = (An−1, An) with n = 2 · 3, 2
2 · 3, 24,
23 · 3, 25, 22 · 32, 24 · 3, 23 · 32, 25 · 3, 24 · 32, 26 · 3, 25 · 32, 27 · 3, 26 · 32, 27 · 32, 28 · 32 or
29 · 32. Moreover, if T = A6, then Aut(Γ) = S6 and if T = A25, A27·3, A27·32, A28·32 or
A29·32, then Aut(Γ) = T .
Corollary 1.3 Let G be a non-abelian simple group and Γ a connected pentavalent sym-
metric G-regular graph. Then either GEAut(Γ), or Aut(Γ) contains a non-abelian simple
normal subgroup T such that G < T and (G, T ) = (An−1, An) with n = 2 · 5, 2
2 · 5, 23 · 5,
2 · 3 · 5, 24 · 5, 23 · 3 · 5, 24 · 32 · 5, 26 · 3 · 5, 25 · 32 · 5, 27 · 3 · 5, 26 · 32 · 5, 27 · 32 · 5 or 29 · 32 · 5.
For connected symmetric cubic Cayley graphs on non-abelian simple groups, simi-
lar to Corollary 1.3 there are six possible pairs (G, T ) = (A47, A48), (PSL(2, 11),M11),
(M11,M12), (A11, A12), (M23,M24) or (A23, A24) (see [19, Theorem 7.1.3]), and Xu et
al [32, 33] proved that only the pair (G, T ) = (A47, A48) can happen and there are exactly
two connected non-normal symmetric cubic Cayley graphs on A47 with automorphism
groups A48. Based on the method given in [32, 33], we may show that (G, T ) = (A9, A10)
or (A19, A20) cannot happen in Corollary 1.3. For (G, T ) = (A39, A40), with MAGMA [1]
we find a connected non-normal pentavalent Cayley graph on A39 (see Example 3.8).
2 Preliminaries
In this section, we describe some preliminary results which will be used later. First we
describe vertex stabilizers of connected pentavalent symmetric graphs.
Proposition 2.1 [11, Theorem 1.1] Let Γ be a connected pentavalent G-symmetric graph
with v ∈ V (Γ). Then Gv ∼= Z5, D5, D10, F20, F20×Z2, F20×Z4, A5, S5, A4×A5, S4×S5,
(A4×A5)⋊Z2, ASL(2, 4), AGL(2, 4), AΣL(2, 4), AΓL(2, 4) or Z62⋊ΓL(2, 4), where F20 is
the Frobenius group of order 20, A4⋊Z2 = S4 and A5 ⋊Z2 = S5. In particular, |Gv| = 5,
2 · 5, 22 · 5, 22 · 5, 23 · 5, 24 · 5, 22 · 3 · 5, 23 · 3 · 5, 24 · 32 · 5, 26 · 32 · 5, 25 · 32 · 5, 26 · 3 · 5,
26 · 32 · 5, 27 · 3 · 5, 27 · 32 · 5 or 29 · 32 · 5, respectively.
Let Γ be a graph and N ≤ Aut(Γ). The quotient graph ΓN of Γ relative to N is defined
as the graph with vertices the orbits of N on V (Γ) and with two orbits adjacent if there
is an edge in Γ between these two orbits.
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Proposition 2.2 [21, Theorem 9] Let Γ be a connected G-symmetric graph of prime va-
lency, and let N E G have at least three orbits on V (Γ). Then N is the kernel of G
on V (ΓN), and semiregular on V (Γ). Furthermore, ΓN is G/N-symmetric with G/N ≤
Aut(ΓN).
For a group G and a prime p, denote by Op(G) the largest normal p-subgroup of G and
by Φ(G) the Frattini subgroup of G, that is, the intersection of all maximal subgroups of
G. By [29, Lemma 2.7], we have the following proposition.
Proposition 2.3 For a group G and a prime p, let H = Op(G) and V = H/Φ(H). Then
G has a natural action on V , induced from the action of G on H by conjugation. If
CG(H) ≤ H, then H is the kernel of this action of G on V , that is, G/H ≤ GL(V ).
The following result follows from the classification of three-factor simple groups.
Proposition 2.4 [17, Theorem I ] Let G be a non-abelian simple {2, 3, 5}-group. Then
G = A5, A6 or PSU(4, 2).
Given a group G, its factorization G = HD is said to be maximal if both H and D
are maximal subgroups of G.
Proposition 2.5 [5, Lemma 3.3] Let T be a simple group and G a non-abelian simple
subgroup such that |T : G| = n > 1 and n = 2a · 3b · 5c for some 0 ≤ a ≤ 9, 0 ≤ b ≤ 2 and
0 ≤ c ≤ 1. If T = HD is a maximal factorization with G ≤ H, then T , G and |T : G| are
listed in Table 1.
T G |T : G| T G |T : G|
M11 PSL(2, 11) 2
2 · 3 M12 PSL(2, 11) 2
4 · 32
M24 M23 2
3 · 3 M12 M11 2
2 · 3
PΩ+8 (2) PSp(6, 2) 2
3 · 3 · 5 PSp(6, 2) A8 2
3 · 32
PΩ+8 (2) A9 2
6 · 3 · 5 PSp(6, 2) A7 2
6 · 32
PSp(8, 2) Ω−8 (2) 2
4 · 3 · 5 PSU(4, 2) A6 2
3 · 32
PSU(3, 3) PSL(2, 7) 22 · 32 2F4(2)
′ PSL(2, 25) 28 · 32
PSp(4, 4) PSL(2, 16) 24 · 3 · 5 PSL(3, 4) PSL(2, 7) 23 · 3 · 5
A16 A14 2
4 · 3 · 5 A10 A8 2 · 3
2 · 5
A10 A7 2
4 · 32 · 5 A9 A7 2
3 · 32
A9 PSL(2, 8) 2
3 · 32 · 5 A8 PSL(3, 2) 2
3 · 3 · 5
A7 PSL(2, 7) 3 · 5 PSp(6, 2) PSL(2, 8) 2
6 · 32 · 5
An An−1 n = 2
a · 3b · 5c
Table 1: Non-abelian simple group pairs of index 2a · 3b · 5c
Let G and E be two groups. We call an extension E of G by N a central extension of
G if E has a central subgroup N such that E/N ∼= G, and if further E is perfect, that is,
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the derived group E ′ equal to E, we call E a covering group of G. A covering group E of G
is called a double cover if |E| = 2|G|. Schur [28] proved that for every non-abelian simple
group G there is a unique maximal covering groupM such that every covering group of G
is a factor group of M (see [15, Kapitel V, §23]). This group M is called the full covering
group of G, and the center of M is the Schur multiplier of G, denoted by Mult(G).
Proposition 2.6 For n ≥ 5, the alternating group An has a unique double cover 2.An,
and for n ≥ 7, all subgroups of index n of 2.An are conjugate and isomorphic to 2.An−1.
Proof: By Kleidman and Liebeck [18, Theorem 5.1.4], Mult(An) ∼= Z2 for n ≥ 5 with
n 6= 6, 7, and Mult(An) ∼= Z6 for n = 6 or 7. This implies that An has a unique double
cover for n ≥ 5, denoted by 2.An. Since An has no proper subgroup of index less than n,
all subgroups of index n of 2.An contain the center of 2.An. Let n ≥ 7. By [31, 2.7.2],
2.An contains a subgroup 2.An−1 of index n, and since all subgroups of index n of An are
conjugate, all subgroups of index n of 2.An are conjugate and isomorphic to 2.An−1.
Let G be a group. For H ≤ G, let D be a union of some double cosets of H in G
such that D−1 = D. The coset graph Γ = Cos(G,H,D) on G with respect to H and D
is defined to have vertex set V (Γ) = [G : H ], the set of right cosets of H in G, and edge
set E(Γ) = {{Hg,Hdg} | g ∈ G, d ∈ D}. The graph Γ has valency |D|/|H| and it is
connected if and only if G = 〈D,H〉, that is, D and H generate G. The action of G on
V (Γ) by right multiplication induces a transitive group of automorphisms, and this group
is symmetric if and only if D is a single double coset. Moreover, this action is faithful if
and only if HG = 1, where HG is the largest normal subgroup of G contained in H .
Conversely, let Γ be a G-vertex-transitive graph with G ≤ Aut(Γ). By [27], the graph
Γ is isomorphic to a coset graph Cos(G,H,D), where H = Gv is the vertex stabilizer of
v ∈ V (Γ) in G and D consists of all elements of G mapping v to one of its neighbors. It
is easy to show that HG = 1 and D is a union of some double cosets of H in G satisfying
D−1 = D. Assume that Γ is G-symmetric and g ∈ G interchanges v and one of its
neighbors. Then g2 ∈ H and D = HgH . Furthermore, g can be chosen as a 2-element
in G, and the valency of Γ is |D|/|H| = |H : H ∩Hg|. For more details regarding coset
graph, referee to [6, 21, 22, 27].
Proposition 2.7 Let Γ be a connected G-symmetric graph of valency k, and let {u, v}
be an edge of Γ. Then Γ is isomorphic to a coset graph Cos(G,Gv, GvgGv), where g is a
2-element in G such that Gguv = Guv, g
2 ∈ Gv, 〈Gv, g〉 = G, and k = |Gv : Gv ∩G
g
v|.
In Proposition 2.7, the 2-element g such that g2 ∈ Gv, 〈Gv, g〉 = G and k = |Gv :
Gv∩G
g
v|, is called feasible to G and Gv. Feasible g can be computed by MAGMA [1] when
the order |G| is not too large, and this is often used in Section 1.1.
3 Proof of Theorem 1.1
In this section, we always assume that G is a non-abelian simple group. Let us begin by
proving a series of lemmas which will be used in the proof of Theorem 1.1.
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Lemma 3.1 Let Γ a connected pentavalent symmetric G-vertex-transitive graph with G =
A5. Then either GEAut(Γ), or Γ = K6 and Aut(Γ) = S6.
Proof: Set A = Aut(Γ). Assume G 5 A. Since |A5| = 22 · 3 · 5 and Γ is a connected
pentavalent symmetric G-vertex-transitive graph, we have |V (Γ)| = 22 · 3 · 5, 2 · 3 · 5, 22 · 5,
2 · 5, 22 · 3 or 2 · 3. If |V (Γ)| = 22 · 3 · 5, by [12, Theorem 4.1], Γ = G60 and A = A5 ⋊D5,
implying that GEA, contrary to the assumption G 5 A. By [14, Theorems 4.1 and 4.2],
there is no connected pentavalent symmetric graph of order 2·3 ·5 or 22 ·5. If |V (Γ)| = 2 ·5,
then Γ = K5,5 with A = (S5 × S5)⋊ Z2 where S5 × S5 fixes the bipartite sets of Γ. Since
G = A5 ≤ S5 × S5, Γ is not G-vertex-transitive, contrary to the hypothesis that Γ is G-
vertex-transitive. If |V (Γ)| = 22 ·3, by [14, Theorem 4.1], Γ is the Icosahedron graph I12, or
K6,6−6K2, the complete bipartite graph of order 12 minus a one factor. If Γ = K6,6−6K2
then A = S6 × Z2 and S6 fixes the bipartite sets of Γ. Thus, G = A5 ≤ A6 ≤ S6 and Γ
is not G-vertex-transitive, a contradiction. If Γ = I12 then A = A5 × Z2, implying that
GEA, a contradiction. Thus, |V (Γ)| = 6. It follows that Γ = K6 and A = S6.
Lemma 3.2 Let Γ be a connected pentavalent symmetric G-vertex-transitive graph with
v ∈ V (Γ). Let H ≤ Aut(Γ) and GH ≤ Aut(Γ). Then |(HG)v|/|Gv| = |H|/|H ∩ G| is a
divisor of 29 · 32 · 5.
Proof: Since Γ is G-vertex-transitive, the Frattini argument implies GH = G(GH)v and
|H||G|/|H ∩ G| = |HG| = |G(GH)v| = |G||(GH)v|/|G ∩ (GH)v| = |G||(GH)v|/|Gv|,
that is, |H|/|H ∩ G| = |(GH)v|/|Gv|. Since GH ≤ Aut(Γ), Proposition 2.1 implies
|(GH)v|
∣
∣ 29 · 32 · 5. It follows |H|/|H ∩G|
∣
∣ 29 · 32 · 5.
The radical of a finite group is the largest solvable normal subgroup of the group.
Lemma 3.3 Let Γ be a connected pentavalent symmetric G-vertex-transitive graph and R
the radical of Aut(Γ). Let G 6= A5 and 5
∣
∣ |R|. Then RG = R×G.
Proof: Let v ∈ V (Γ) and set B = RG. Since G ∩ R E G, we have G ∩ R = 1 because
the simplicity of G implies G 6≤ R. It follows |B| = |R||G|, and by Lemma 3.2, |R| =
|Bv|/|Gv|
∣
∣ 29 · 32 · 5. Since 5
∣
∣ |R|, we have 5
∣
∣ |Bv|, that is, Γ is B-symmetric.
Since R is solvable, R has a Hall {2, 3}-subgroup, say H . Set Ω = {Hr|r ∈ R}. By [13],
all Hall {2, 3}-subgroups of R are conjugate and so the conjugate action of B is transitive
on Ω. Since |R|
∣
∣ 29 · 32 · 5, we have |Ω| = |R : NR(H)| = 1 or 5, and since G 6= A5,
the conjugate action of G on Ω is trivial. This means that G normalizes H , implying
GH ≤ B. Set Y = GH and ∆ = {Y b|b ∈ B}. Then |∆| = |B : Y | = 5. The kernel of the
right multiplication action of B on ∆ is YB, the largest normal subgroup of B contained
in Y . It follows B/YB . S5 and so G ≤ YB, as G 6= A5.
Since |G||H|/|G ∩ H| = |GH| = |Y | = |G||Yv|, Yv is a {2, 3}-group as H is a {2, 3}-
group, and hence (YB)v is a {2, 3}-group. Recall that Γ is B-symmetric and has valency
5. If (YB)v 6= 1, then Bv is primitive on the neighborhood Γ(v) of v in Γ, and then YBEB
implies 5
∣
∣ |(YB)v|, a contradiction. It follows (YB)v = 1 and YB = G(YB)v = G. In
particular, GE B and so B = R×G.
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Lemma 3.4 Let Γ a connected pentavalent G-symmetric graph with G ≤ S9 and G 6= A5.
Then GEAut(Γ).
Proof: Set A = Aut(Γ). By the simplicity of G, G ≤ S9 implies G ≤ A9. By the Atlas [2,
p. 37], G = A9 or G ≤ A8, A7, A6, A5,PSL(2, 8). Similarly, if G ≤ A8 then G = A8 or
G ≤ A7, A6,PSL(3, 2), A5; if G ≤ A7 then G = A7 or G ≤ A6, A5,PSL(2, 7); if G ≤ A6
then G = A6 or A5. Since Γ is G-symmetric with G 6= A5, we have G = A9, A8, A7 or A6.
By Proposition 2.7, Γ = Cos(G,Gv, GvgGv) for some feasible g, that is, a 2-element g
in G satisfying g2 ∈ Gv, 〈Gv, g〉 = G and 5 = |Gv : Gv ∩ G
g
v|. By Proposition 2.1, g has
order at most 8.
For G = A9, by the Atlas [2, p. 37] and Proposition 2.1, we have Gv ∼= Z5, D5, D10,
F20, F20 × Z2, A5, S5, A4 × A5 or (A4 × A5) ⋊ Z2. By MAGMA, G has two conjugacy
classes of subgroups isomorphic to D5, D10, F20, F20×Z2, A5 or S5 and one conjugacy class
of subgroups isomorphic to Z5, A4 × A5 or (A4 × A5)⋊ Z2.
Let Gv ∼= A5 or S5. By taking a given Gv in each conjugacy class, computation with
MAGMA shows that there is no feasible g.
LetGv ∼= D5, D10, F20 or F20×Z2. ThenGv has two conjugacy classes, and computation
shows that there is no feasible g in one of the two classes. Take a given Gv in the
other class. By MAGMA, if Gv ∼= D5 then there are 80 feasible g, and for each of
them, the corresponding coset graph Γ is a connected pentavalent G-symmetric graph
with A = A9 × Z22. Similarly, if Gv ∼= D10, F20 or F20 × Z2 then in each case, there
are 80 feasible g, and for each of them, the corresponding coset graph Γ is a connected
pentavalent G-symmetric graph with A = A9 × Z2, A9 ⋊ Z4 or S9 respectively. It follows
GEA.
Let Gv ∼= Z5, A4 ×A5 or (A4 ×A5)⋊Z2. Then Gv has one conjugacy class and take a
given Gv in the class. By MAGMA, if Gv ∼= Z5 then there are 120 feasible g, and for each
of them, the corresponding coset graph is a connected pentavalent G-symmetric graph
with A = A9 × Z4. Similarly, if Gv ∼= A4 × A5 or (A4 × A5)⋊ Z2 then in each case, there
are 480 feasible g, and for each of them, the corresponding coset graph is a connected
pentavalent G-symmetric graph with A = A9 × Z2 or S9 respectively. It follows GE A.
For G = A8, A7 or A6, similar arguments as the case G = A9 give rise to GE A.
Lemma 3.5 Let Γ be a connected pentavalent G-symmetric graph and R the radical of
Aut(Γ). Then RG = R×G.
Proof: Set B = RG and A = Aut(Γ). Since G ∩R EG, we have G ∩R = 1 because the
simplicity of G implies G 6≤ R. It follows |B| = |R||G|. Since Γ is G-symmetric, we have
5
∣
∣ |Gv| for v ∈ V (Γ). By Lemma 3.2, |R| = |Bv|/|Gv|, and by Proposition 2.1, |R|
∣
∣ 29 ·32.
If G ≤ A9, Lemmas 3.1 and 3.4 imply that either GE A, or G = A5 and Γ = K6 (for
this case R = 1). Thus, RG = R×G for G ≤ A9. In what follows we may assume G  S9.
Let Syl2(R) be the set of Sylow 2-subgroups of R. Recall that REA and |R|
∣
∣ 29 · 32.
By Sylow’s Theorem, |Syl2(R)| = 1, 3 or 9. Since REB, G has a natural action on Syl2(R)
by conjugation, and since G  S9, G fixes every element in Syl2(R). Thus, G normalizes
P for any P ∈ Syl2(R). Clearly, |P | = 2
r for some 0 ≤ r ≤ 9.
7
Now we claim GP = G× P . Set D = PG. Then P ED and Γ is D-symmetric. The
simplicity of G implies P ∩G = 1. By Lemma 3.2, |P | = |P |/|P ∩G| = |Dv|/|Gv| = 2
r and
hence |Dv| = 2
r · |Gv|, which implies that if Gv ∼= Z5 then by Proposition 2.1, Dv ∼= D5,
D10, F20, F20 × Z2 or F20 × Z4. Thus, r ≤ 5. This is always true for other Gv by
checking all other possible cases in Proposition 2.1. In particular, r = 5 if and only if
(Gv, Dv) ∼= (A5,AΣL(2, 4)) or (A4 ×A5,Z62 ⋊ ΓL(2, 4)).
Let C = CD(P ). Then C E D and G ∩ C = G or 1. Suppose G ∩ C = 1. Since P is
2-group and D/P ∼= G is simple, we have P = O2(D), the largest normal 2-subgroup of
D. On the other hand, since D = PG and G ∩ C = 1, C is 2-group and hence C ≤ P .
Since r ≤ 5, Proposition 2.3 implies G ∼= D/P ≤ GL(5, 2) ∼= PSL(5, 2), and since G  S9,
the Atlas [2, p. 70] implies G = PSL(5, 2) because PSL(4, 2) ∼= A8. It follows that r = 5
and (Gv, Dv) ∼= (A5,AΣL(2, 4)) or (A4 × A5,Z62 ⋊ ΓL(2, 4)). However, by MAGMA, G
has no subgroup isomorphic to A4 × A5. Thus, Gv ∼= A5, and by Proposition 2.7, Γ =
Cos(G,Gv, GvgGv) for a 2-element g such that g
2 ∈ Gv, 〈Gv, g〉 = G and |Gv : Gv∩G
g
v| = 5.
Again by MAGMA, G has four conjugacy classes of subgroups isomorphic to A5 and by
taking a Gv in each class, computation shows that there is no feasible g for Gv. It follows
G ∩ C = G, that is, G ≤ C. Since G ∩ P = 1, we have D = P ×G, as claimed.
Set Ω = {Db | b ∈ B}. Then |Ω| = 1, 3 or 9. By considering the right multiplication
action of B on Ω, we have B/DB ≤ S9, where DB is the largest normal subgroup of B
contained in D. Since G  S9, we have G ≤ DB. Thus, G is characteristic in DB because
D = P ×G implies that G is characteristic in D. It follows that GEB as DB EB. Since
R EB and R ∩G = 1, we have B = RG = R×G.
Lemma 3.6 Let Γ be a connected pentavalent X-symmetric G-vertex-transitive graph with
G ≤ X. Assume X has trivial radical. Then either G E X, or X has a non-abelian
simple normal subgroup T such that G < T and (G, T ) = (Ω−8 (2),PSp(8, 2)), (A14, A16),
(PSL(2, 8), A9) or (An−1, An) with n ≥ 6 and n
∣
∣ 29 · 32 · 5.
Proof: Let A = Aut(Γ). Let N be a minimal normal subgroup of X . Since X has trivial
radical, N = T s for a positive integer s and a non-abelian simple group T . Then NG ≤ X ,
and by Lemma 3.2, |N |/|N ∩G|
∣
∣ 29 · 32 · 5.
If G = A5, by Lemma 3.1, either G E X or Γ = K6 and A = S6. For the latter,
(G, T ) = (A5, A6). In what follows we may assume G 6= A5 and G 5 X . Thus, G 5 A.
Suppose N ∩ G = 1. Then |N | = |N |/|N ∩ G|
∣
∣ 29 · 32 · 5, |K| = |NG| = |N ||G|
and K/N ∼= G. Write K = NG. For v ∈ V (Γ), we have K = GKv and |K| = |GKv| =
|G||Kv|/|Gv|. It follows |Kv| = |Gv||N |. Note that |PSU(4, 2)| = 2
6 · 34 · 5. By Proposi-
tion 2.4, N = A5 or A6. Thus, 5
∣
∣ |Kv|, forcing that Γ is K-symmetric. Let C = CK(N).
Assume C = 1. Then G ≤ K = K/C ≤ Aut(N) ≤ S6, implying that 5
∣
∣ |G| and
52 ∤ |K|. On the other hand, 52
∣
∣ |N ||G| = |K|, a contradiction.
Assume C 6= 1. Then C ∩N = Z(N) = 1, and C = C/C ∩N ∼= CN/N EK/N ∼= G.
Since |K| = |N ||G| = |N ||C|, we have K = C × N . First let C ∩ G = 1. Then
|CG| = |C||G|. Since CG ≤ K, |CG| is a divisor of |K| = |N ||C|, implying |G|
∣
∣ |N |. Since
N ∼= A5 or A6 and G 6= A5, we have C ∼= G ∼= N = A6 and hence K = C ×N ∼= A6 ×A6.
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If Cv = 1 then C is regular on V (Γ) because Γ is G-vertex-transitive. In this case,
|C||N | = |K| = |CKv| = |C||Kv| and |Kv| = |N | = |A6| = 2
3 · 32 · 5, which is impossible
by Proposition 2.1. Thus, Cv 6= 1, and similarly, Nv 6= 1. Since Γ is K-symmetric and has
valency 5, Kv is primitive on the neighborhood N(v), and since CvEKv and NvEKv, both
Cv and Nv are transitive on N(v). It follows 5
∣
∣ |Nv| and 5
∣
∣ |Cv|, and hence 5
2 | |Kv|,
contrary to Proposition 2.1. Now let C ∩ G 6= 1. Then G ≤ C as G is simple. Since
C ∼= G, we have C = G, and so K = G × N . Set L = CX(N) and M = LN . Then
LEX , G ≤ L and M = L×N because L ∩N = Z(N) = 1. Since G 5 X , G is a proper
subgroup of L and hence Lv 6= 1. It follows 5
∣
∣ |Lv| because Γ is X-symmetric. Since
|L||N | = |M | = |LMv| = |L||Mv|/|Lv|, we have |Mv| = |Lv||N |, which implies 5
2 | |Mv|,
contrary to Proposition 2.1.
The above contradictions imply N ∩G 6= 1, and so G ≤ N . Thus, |N |/|G| = |N |/|N ∩
G|
∣
∣ 29 · 32 · 5. Since G 5 X , G is a proper subgroup of N , yielding 5 | |Nv|. It follows
that Γ is N -symmetric. Recall that N = T s for some s ≥ 1.
Suppose s ≥ 2. We claim |T |
∣
∣ 29 · 32 · 5. It suffices to show |T |
∣
∣ |N |/|G|. Note that
T ∩ G = G or 1. If T ∩ G = G then G ≤ T and so |G|
∣
∣ |T |. Since s ≥ 2, we have
|T |
∣
∣ |N |/|G|. If G ∩ T = 1 then |TG| = |T ||G|. Since TG ≤ N , we have |G|
∣
∣ |T |s−1 and
hence |T |
∣
∣ |N |/|G|, as required. The proof also implies that if s = 2 then |G|
∣
∣ |T |.
Since G ≤ N , the above claim means that both G and T are non-abelian simple
{2, 3, 5}-groups. Since G 6= A5, Proposition 2.4 implies G = A6 or PSU(4, 2) and also
T = A6 or PSU(4, 2). Since 5
2 ∤ |N |/|G|, we have s = 2 and so |G|
∣
∣ |T |. Note that
N = T × T . If both direct factors T of N are not semiregular, then 5
∣
∣ |Tv| for each T
because Γ is N -symmetric, yielding 52
∣
∣ |Nv|, contrary to Proposition 2.1. Thus, N has a
direct factor T with Tv = 1. Since |G|
∣
∣ |T | and Γ is G-vertex-transitive, T is regular on
V (Γ) and so |Nv| = |T | = |A6| or |PSU(4, 2)|, that is, 2
3 · 32 · 5 or 26 · 34 · 5, of which both
are impossible by Proposition 2.1.
The above contradictions imply s = 1, that is, N = T is a non-abelian simple group.
Thus, G ≤ T E X and |T : G| = |N |/|G|
∣
∣ 29 · 32 · 5. Since Γ is X-symmetric, it
is also T -symmetric, that is, 5
∣
∣ |Tv|. Furthermore, |T |/|G| = |Tv|/|Gv| and G 6= T
as G 5 X . If |T |/|G|
∣
∣ 29 · 32, then 5
∣
∣ |Tv|, implying that Γ is G-symmetric. By
Proposition 2.7, Γ = Cos(T, Tv, TvtTv) for some feasible t, and if Γ is G-symmetric then
Γ = Cos(G,Gv, GvgGv) for some feasible g .
By the Frattini argument, T = GTv. Let H and D be maximal subgroups of T con-
taining G and Tv, respectively. Then T = HD is a maximal factorization of T . By
Proposition 2.5, (G, T ) is listed in Table 1. Clearly, (G, T ) 6= (PSL(2, 7), PSU(3, 3)) as
5 ∤ |PSU(3, 3)|. To finish the proof, we only need to show (G, T ) 6= (A6,PSU(4, 2)),
(A7, PSp(6, 2)), (A7, A9), (A8, PSp(6, 2)), (PSL(2, 11), M11), (PSL(2, 11), M12), (M11,
M12), (M23, M24), (PSL(2, 25),
2F4(2)
′), (PSL(2, 16), PSp(4, 4)), (PSL(2, 7), PSL(3, 4)),
(PSL(2, 7), A7), (PSL(3, 2), A8), (PSL(2, 8), PSp(6, 2)), (A8, A10), (A7, A10), (A9, PΩ
+(8, 2))
or (PSp(6, 2), PΩ+(8, 2)).
Suppose (G, T ) = (A6,PSU(4, 2)), (A7,PSp(6, 2)), (A7, A9) or (A8,PSp(6, 2)). Then
|Tv|/|Gv| = |T |/|G|
∣
∣ 26 ·32 and Γ is G-symmetric. By Lemma 3.4, GEA, a contradiction.
Suppose (G, T ) = (PSL(2, 11),M11) or (PSL(2, 11),M12). Then |Tv|/|Gv| = |T |/|G|
∣
∣
24 · 32 and Γ is G-symmetric. By the Atlas [2, p. 7] and Proposition 2.1, Gv ∼= Z5, D5
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or A5. If Gv ∼= A5 then |V (Γ)| = 11, which is impossible because there is no pentavalent
graph of odd order. It follows Gv ∼= Z5 or D5, and hence |V (Γ)| = 132 or 66. By [12,
Theorem 4.1] and [14, Theorem 4.2], Γ = G1132, G
2
132, G
3
132 or G66: A = PSL(2, 11)× Z2 for
Γ = G1132 and A = PGL(2, 11) for other cases. In all cases, GE A, a contradiction.
Suppose (G, T ) = (M11,M12). Then |Tv|/|Gv| = |T |/|G|
∣
∣ 22 · 3 and Γ is G-symmetric.
By the Atlas [2, p. 18] and Proposition 2.1, Gv ∼= Z5, D5, F20, A5 or S5, and |Tv| =
|Gv||T |/|G| = 2
2 · 3 · 5, 23 · 3 · 5, 24 · 3 · 5, 24 · 32 · 5 or 25 · 32 · 5, respectively. By Proposition
2.1, (Gv, Tv) ∼= (Z5, A5), (D5, S5), (A5, A4 × A5) or (S5, (A4 × A5) ⋊ Z2). By MAGMA,
T has no subgroups isomorphic to A4 × A5 or (A4 × A5)⋊ Z2, and G has one conjugacy
class of subgroups isomorphic to Z5 or D5. Take a given Gv in each class: for Gv ∼= D5,
there is no feasible g for Gv, and for Gv ∼= Z5, there are 40 feasible g for Gv. For every
such feasible g, the corresponding coset graph Γ is a connected pentavalent G-symmetric
graph with A =M11. Thus, GE A, a contradiction.
Suppose (G, T ) = (M23,M24). Then |Tv|/|Gv| = |T |/|G|
∣
∣ 23 · 3 and Γ is G-symmetric.
By the Atlas [2, p. 71] and Proposition 2.1, Gv ∼= Z5,D5, F20, A5, S5, ASL(2, 4), AGL(2, 4),
AΣL(2, 4) or AΓL(2, 4), and |Tv| = |Gv||T |/|G| = 2
3 ·3 ·5, 24 ·3 ·5, 25 ·3 ·5, 25 ·32 ·5, 26 ·32 ·5,
29 ·32 ·5, 29 ·33 ·5, 210 ·32 ·5 or 210 ·33 ·5, respectively. By Proposition 2.1, (Gv, Tv) ∼= (Z5, S5),
(A5, (A4 × A5) ⋊ Z2), (S5,AGL(2, 4)), (S5, S4 × S5) or (ASL(2, 4),Z62 ⋊ ΓL(2, 4)). By
MAGMA, T has no subgroup isomorphic to S4×S5, AGL(2, 4) has no subgroup isomorphic
to S5, and Z62 ⋊ ΓL(2, 4) has no subgroup isomorphic to ASL(2, 4) (both are subgroups of
M24). Furthermore, T has five conjugacy classes of subgroups isomorphic to S5 and one
conjugacy class of subgroups isomorphic to (A4×A5)⋊Z2. Take a given Tv in each class,
and computation shows that T has no feasible t for each Tv, a contradiction.
Suppose (G, T ) = (PSL(2, 25), 2F4(2)
′). Then |Tv|/|Gv| = |T |/|G|
∣
∣ 28 · 32 and Γ is
G-symmetric. By the Atlas [2, p. 16] and Proposition 2.1, Gv ∼= Z5, D5, F20, A5 or
S5, and |Tv| = |Gv||T |/|G| = 2
8 · 32 · 5, 29 · 32 · 5, 210 · 32 · 5, 210 · 33 · 5 or 211 · 33 · 5,
respectively. By Proposition 2.1, (Gv, Tv) ∼= (D5,Z62 ⋊ ΓL(2, 4)), and by MAGMA, G
contains two conjugacy classes of subgroups isomorphic to D5. By taking a given Tv in
each conjugacy class, computation shows that for each Gv there are 40 feasible g, and for
every such g, the corresponding coset graph Γ is a connected pentavalent G-symmetric
graph with A = PSL(2, 25)× Z2. Thus, GE A, a contradiction.
Suppose (G, T ) = (PSL(2, 16),PSp(4, 4)). Then |Tv|/|Gv| = |T |/|G| = 2
4 · 3 · 5
∣
∣ |Tv|.
Since |T | = 28 · 32 · 52 · 17, Proposition 2.1 implies Tv ∼= A4 × A5, (A4 × A5) ⋊ Z2,
S4 × S5, ASL(2, 4), AGL(2, 4), AΣL(2, 4), AΓL(2, 4). However, by MAGMA, PSp(4, 4)
has no subgroup isomorphic to (A4 ×A5)⋊ Z2, S4 × S5, ASL(2, 4), AGL(2, 4), AΣL(2, 4)
or AΓL(2, 4). For Tv ∼= A4 ×A5, Tv has two conjugacy classes in T . By taking a given Tv
in each conjugacy class, computation shows that there is no feasible t, a contradiction.
Suppose (G, T ) = (PSL(2, 7),PSL(3, 4)). Then |T | = 26 · 32 · 5 · 7 and |Tv|/|Gv| =
|T |/|G| = 23 · 3 · 5
∣
∣ |Tv|. Note that there is no pentavalent graph of odd order. By
Proposition 2.1, Tv ∼= S5, A4 × A5 or (A4 × A5) ⋊ Z2. By the Atlas [2, p. 23], T has no
subgroup isomorphic to S5, A4 × A5 or (A4 × A5)⋊ Z2, a contradiction.
Suppose (G, T ) = (PSL(2, 7), A7). Then |Tv|/|Gv| = |T |/|G| = 3 · 5
∣
∣ |Tv|. By the
Atlas [2, p. 10] and Proposition 2.1, Tv ∼= A5. By MAGMA, Tv ∼= A5 has two conjugacy
classes in T and by taking a given Tv in each conjugacy class, computation shows that
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there is no feasible t, a contradiction.
Suppose (G, T ) = (PSL(3, 2), A8). Then |Tv|/|Gv| = |T |/|G| = 2
3 · 3 · 5
∣
∣ |Tv|. By the
Atlas [2, p. 22] and Proposition 2.1, Tv ∼= S5. By MAGMA, Tv ∼= S5 has two conjugacy
classes and by taking a given Tv in each conjugate class, computation shows that there is
no feasible t, a contradiction.
Suppose (G, T ) = (PSL(2, 8),PSp(6, 2)). Then |Tv|/|Gv| = |T |/|G| = 2
6 · 32 · 5
∣
∣ |Tv|.
Since |T | = 29 · 34 · 5 · 7, Proposition 2.1 implies Tv ∼= S4 × S5, AGL(2, 4) or AΓL(2, 4).
However, by the Atlas [2, p. 46], PSp(6, 2) has no subgroup isomorphic to S4 × S5,
AGL(2, 4) or AΓL(2, 4), a contradiction.
Suppose (G, T ) = (A8, A10) or (A7, A10). Then 3
2
∣
∣ |T |/|G| = |Tv|/|Gv|, and by the
Atlas [2, p. 48] and Proposition 2.1, Tv ∼= A4 × A5 or (A4 × A5)⋊ Z2. For each case, by
MAGMA, Tv has two conjugacy classes. By taking a given Tv in each conjugacy class,
computation shows that there is no feasible t, a contradiction.
Suppose (G, T ) = (A9,PΩ
+(8, 2)) or (PSp(6, 2),PΩ+(8, 2)). Then |Tv|/|Gv| = |T |/|G| =
26 · 3 · 5 or 23 · 3 · 5. By Proposition 2.1, Tv ∼= S5, A4 × A5, (A4 × A5) ⋊ Z2, S4 × S5,
ASL(2, 4), AGL(2, 4), AΣL(2, 4), AΓL(2, 4) or Z62 ⋊ ΓL(2, 4). By MAGMA, PΩ
+(8, 2)
has no subgroup isomorphic to S4 × S5, ASL(2, 4), AGL(2, 4), AΣL(2, 4), AΓL(2, 4) or
Z62⋊ΓL(2, 4). Thus, Tv ∼= S5, A4×A5 or (A4×A5)⋊Z2, and the computation shows that
Tv has 15, 3, 3 conjugacy classes, respectively. By taking a given Tv in each conjugacy
class, there is no feasible t respectively, a contradiction.
Lemma 3.7 Let Γ be a connected pentavalent symmetric G-vertex-transitive graph and
let Aut(Γ) have a non-trivial radical R with at least three orbits. Assume G 5 Aut(Γ) and
RG = R × G. Then Aut(Γ) contains a non-abelian simple normal subgroup T such that
G < T and (G, T ) = (Ω−8 (2),PSp(8, 2)), (A14, A16), (PSL(2, 8), A9) or (An−1, An) with
n ≥ 8 and n
∣
∣ 29 · 32 · 5.
Proof: Set A = Aut(Γ) and B = RG = R×G. Since R 6= 1 has at least three orbits, by
Proposition 2.2, the quotient graph ΓR is a connected pentavalent A/R-symmetric graph
with A/R ≤ Aut(ΓR). Furthermore, ΓR is B/R-vertex-transitive and G is characteristic
in B. It follows that B 5 A because G 5 A, and hence G ∼= B/R 5 A/R. Since R
is the largest solvable normal subgroup of A, A/R has trivial radical. By Lemma 3.6,
A/R has a non-abelian simple normal subgroup I/R such that B/R ≤ I/R ∼= T and
(B/R, I/R) ∼= (G, T ) = (Ω−8 (2),PSp(8, 2)), (A14, A16), (PSL(2, 8), A9) or (An−1, An) with
n ≥ 6 and n
∣
∣ 29 · 32 · 5. If (G, T ) 6= (A5, A6) then A = S6, contrary to the fact that A has
a non-trivial radical. Thus, n ≥ 8
Let C = CI(R). Then G ≤ C as B = R ×G ≤ I. Clearly, C E I and C ∩ R ≤ Z(C).
Since G ∼= R×G/R ≤ CR/R and C/C ∩R ∼= CR/RE I/R ∼= T , we have C ∩R = Z(C),
C/Z(C) ∼= T and I = CR. Thus, C ′/C ′ ∩ Z(C) ∼= C ′Z(C)/Z(C) = (C/Z(C))′ =
C/Z(C) ∼= T , and so Z(C ′) = C ′ ∩ Z(C), C = C ′Z(C) and C ′/Z(C ′) ∼= T . Furthermore,
C ′ = (C ′Z(C))′ = C ′′, implying that C ′ is a covering group of T . It follows G ≤ C ′
because C/C ′ is abelian.
By [18, Theorem 5.1.4] and the Atlas [2, p. 123], Mult(An) = Z2 for n ≥ 8 and
Mult(PSp(8, 2)) = 1. Since C ′ is a covering group of T , we have Z(C ′) = 1 or Z2.
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Suppose Z(C ′) = Z2. Then (G, T ) = (A14, A16), (PSL(2, 8), A9), or (An−1, An) with
n ≥ 8 and n
∣
∣ 29 ·32 ·5. Furthermore, C ′ is the unique double cover of An with n ≥ 8, that
is, C ′ = 2.An. Since Z(C
′) E I and I/R ∼= T is simple, we have Z(C ′) ≤ R, and hence
G× Z(C ′) ≤ C ′ as B = G× R.
Let (G, T ) = (A14, A16). Then C
′ = 2.A16. Clearly, A14 has no proper subgroup of
index less than 13, and by MAGMA, it also has no subgroup of index 15 or 16. This implies
that each subgroup of A16 isomorphic to A14 fixes exactly two vertices in {1, 2, · · · , 16},
and so lies in a subgroup of index 16 of A16. It follows that G× Z(C
′) lies in a subgroup
of index 16 of C ′, that is, G × Z(C ′) ≤ L and |C ′ : L| = 16 for some L ≤ C ′. By
Proposition 2.6, L ∼= 2.A15 and G × Z(C
′) ∼= Z2 × A14, which is impossible because
G× Z(C ′) ∼= A14 × Z2.
Let (G, T ) = (PSL(2, 8), A9). Then C
′ = 2.A9 = G · C
′
v, and so 3
2
∣
∣ |C ′v| as |C
′| =
27·34·5·7. By Proposition 2.1, C ′v
∼= A4×A5, (A4×A5)⋊Z2, S4×S5, ASL(2, 4) or AGL(2, 4).
Note that C ′ has a subgroup H isomorphic to 2.A6 with Z(C
′) ≤ H . Since H ∼= SL(2, 9),
Z(C ′) is the unique subgroup of order 2 in H . Since Z(C ′) E C ′, we have Z(C ′)  C ′v.
Suppose that |Hw| is odd for any w ∈ V (Γ). Then |w
H| = |H|/|Hw| = 2
4 · (32 · 5/|Hw|),
implying that the orbit of H containing w has length a multiple of 24, and so |V (Γ)| is a
multiple of 24, contrary to the fact |V (Γ)|
∣
∣ |PSL(2, 8)| = 23 · 32 · 7. Thus, we may assume
that Hv is even. Since Hv = H ∩ C
′
v and Z(C
′) is the unique subgroup of order 2 in H ,
we have Z(C ′) ≤ Hv and hence Z(C
′) ≤ C ′v, a contradiction.
Let (G, T ) = (An−1, An) with n ≥ 8. Then G× Z(C
′) is a subgroup of index n of C ′
isomorphic to An−1 × Z2, which is impossible by Proposition 2.6.
The above contradictions give rise to Z(C ′) = 1. Then C ′ ∼= T and G < C ′ E I. Since
|I| = |I/R||R| = |T ||R| = |C ′||R| and C ′ ∩ R = 1, we have I = C ′ × R. Then C ′ is
characteristic in I, and so C ′ E A because I E A. It follows that A has a non-abelian
simple normal subgroup C ′ such that G < C ′ and (G,C ′) ∼= (G, T ) = (Ω−8 (2),PSp(8, 2)),
(A14, A16), (PSL(2, 8), A9) or (An−1, An) with n ≥ 8 and n
∣
∣ 29 · 32 · 5.
Now, we are ready to prove Theorem 1.1.
The proof of Theorem 1.1: Let G be a non-abelian simple group and Γ a connected
pentavalent symmetric G-vertex-transitive graph with v ∈ V (Γ). Let A = Aut(Γ) and R
the radical of A. To prove the theorem, we may assume G 5 A. If R = 1, the theorem is
true by Lemma 3.6. In what follows we assume R 6= 1. If G = A5, by Lemma 3.1, Γ = K6
and A = S6, which is impossible because A has trivial radical. Thus, G 6= A5.
Set B = RG. Then G ∩ R = 1 and |B| = |R||G|. By Lemma 3.2, |R| = |Bv|/|Gv|
∣
∣
29 · 32 · 5.
Suppose that R has one or two orbits on V (Γ). Since |G| = |V (Γ)||Gv|, we have
|R| = |vR||Rv| = |G||Rv|/|Gv| or |G||Rv|/(2·|Gv|), and since R and Gv are {2, 3, 5}-groups,
G is a non-abelian {2, 3, 5}-simple group. By Proposition 2.4, G = A6 or PSU(4, 2) as
G 6= A5, and since |R| = |Bv|/|Gv|, we have |Bv| = |G||Rv| or |G||Rv|/2. Note that 5
∣
∣ |G|,
and so 5
∣
∣ |Bv|, that is, Γ is B-symmetric. If Rv = 1, then |Bv| = |G| or |G|/2, that is,
|Bv| = 2
3 ·32 ·5, 22 ·32 ·5, 26 ·34 ·5 or 25 ·34 ·5, of which all are impossible by Proposition 2.1.
If Rv 6= 1 then 5
∣
∣ |Rv| as RE A, and in this case, 5
2
∣
∣ |Bv| = |G||Rv|, a contradiction.
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Now we have shown that R has at least three orbits. By Lemma 3.7, if B = R × G
then the theorem is true. To finish the proof, we only need to show B = R×G.
By Proposition 2.2, R is semiregular on V (Γ) and the quotient graph ΓR is a connected
pentavalent A/R-symmetric graph with A/R ≤ Aut(ΓR). Moreover, ΓR is B/R-vertex-
transitive. Since R is the largest solvable normal subgroup of A, A/R has trivial radical,
by Lemma 3.6, B/REA/R or A/R has a non-abelian simple normal subgroup I/R such
that B/R ≤ I/R and (B/R, I/R) ∼= (G, T ) with (G, T ) = (Ω−8 (2),PSp(8, 2)), (A14, A16),
(PSL(2, 8), A9) or (An−1, An) with n ≥ 6 and n
∣
∣ 29 · 32 · 5.
Suppose B/REA/R. Then B EA and 5
∣
∣ |Bv|. Note that 1 6= |R| = |Bv|/|Gv|. Then
5
∣
∣ |R| or 5
∣
∣ |Gv|. By Lemmas 3.3 and 3.5, B = R×G, that is, G is characteristic in B,
and hence G E A, contrary to the assumption G 5 A. Thus, B/R ≤ I/R E A/R. It fol-
lows (I/R)α 6= 1 for α ∈ V (ΓR) and hence 5
∣
∣ |(I/R)α|. Thus, ΓR is I/R-symmetric.
Since |V (ΓR)| = |V (Γ)|/|R| = |G|/(|R||Gv|) and |T | = |I/R| = |V (ΓR)||(I/R)α| =
|G|/(|R||Gv|) · |(I/R)α|, we have |(I/R)α| = |R||T ||Gv|/|G|, and by Proposition 2.1,
|R||T ||Gv|/|G| is a divisor of 2
9 · 32 · 5.
Since |R|
∣
∣ 29 · 32 · 5, we may write |R| = 2m · 3n · 5k, where 0 ≤ m ≤ 9, 0 ≤ n ≤ 2 and
0 ≤ k ≤ 1. Since R is solvable, there exists a series of subgroups of B:
B > R = Rs > · · · > R1 > R0 = 1
such that RiEB and Ri+1/Ri is an elementary abelian r-group with 0 ≤ i ≤ s− 1, where
r = 2, 3 or 5. Clearly, G ≤ B has a natural action on Ri+1/Ri by conjugation.
Suppose to the contrary B 6= R × G. Then there exists some 0 ≤ j ≤ s − 1 such
that GRi = G × Ri for any 0 ≤ i ≤ j, but GRj+1 6= G × Rj+1. If G acts trivially on
Rj+1/Rj by conjugation, then [GRj/Rj , Rj+1/Rj ] = 1. Since GRj/Rj ∼= G is simple,
we have (GRj/Rj) ∩ (Rj+1/Rj) = 1. Note that |GRj+1/Rj | = |GRj+1/Rj+1||Rj+1/Rj | =
|G||Rj+1/Rj | = |GRj/Rj ||Rj+1/Rj |. Then GRj+1/Rj = GRj/Rj×Rj+1/Rj . In particular,
GRj E GRj+1 and so GEGRj+1 because GRj = G× Rj implies that G is characteristic
in GRj. It follows that GRj+1 = G×Rj+1, a contradiction. Thus, G acts non-trivially on
Rj+1/Rj , and the simplicity of G implies that G acts faithfully on Rj+1/Rj .
Set |Rj+1/Rj | = r
ℓ. Since |R| = 2m ·3n ·5k, we have ℓ ≤ m ≤ 9 for r = 2, ℓ ≤ 2 for r = 3
and ℓ ≤ 1 for r = 5. Recall that G acts faithfully on Rj+1/Rj and Rj+1/Rj is elementary
abelian. Then G ≤ GL(ℓ, r). If r = 3 or 5 then G ≤ GL(2, 3) or GL(1, 5), yielding that
G is solvable, a contradiction. Thus, G ≤ GL(m, 2) = PSL(m, 2) with m ≤ 9. Recall
that (G, T ) = (Ω−8 (2),PSp(8, 2)), (A14, A16), (PSL(2, 8), A9) or (An−1, An) with n ≥ 6 and
n
∣
∣ 29 · 32 · 5.
Let G = A14 or An−1 with n
∣
∣ 29·32·5 and n ≥ 12. Since 11
∣
∣ |An−1| and 11 ∤ |PSL(9, 2)|,
we have G  PSL(9, 2), a contradiction.
Let G = PSL(2, 8) or A7, since |G| = |V (Γ)||Gv| and R is semiregular on V (Γ), we
have |R|
∣
∣ |G|/|Gv|, and so m ≤ 2 because ΓR cannot be of odd order. It follows that
A7 ≤ PSL(2, 2) or PSL(2, 8) ≤ PSL(2, 2), a contradiction. Similarly, for G = A9, we have
m ≤ 5 and A9 ≤ PSL(5, 2), which is also impossible because 3
4
∣
∣ |A9| and 3
4 ∤ |PSL(5, 2)|.
Since G 6= A5, the left pairs are (G, T ) = (A8, A9) or (Ω
−
8 (2), PSp(8, 2)). For (G, T ) =
(A8, A9), since |(I/R)α| = |R||T ||Gv|/|G| and 5
∣
∣ |(I/R)α|, |R| or |Gv| is divisible by 5,
by Lemmas 3.3 and 3.5, B = R ×G, a contradiction. Thus, (G, T ) = (Ω−8 (2),PSp(8, 2)).
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Since |T |/|G| = 24 · 3 · 5 and |R||T ||Gv|/|G| is a divisor of 2
9 · 32 · 5, |R| is a divisor of
25 · 3. Then m ≤ 5 and G ≤ PSL(5, 2), which is impossible because 17
∣
∣ |Ω−8 (2)| and
17 ∤ |PSL(5, 2)|.
The above contradictions imply B = R ×G, as required. This completes the proof of
Theorem 1.1.
The proof of Corollary 1.2: Let G be a non-abelian simple group and Γ a connected
pentavalent G-symmetric graph with v ∈ V (Γ). Let A = Aut(Γ) and let R the radical of
A. To prove the corollary, we may assume G 5 A. By Theorem 1.1, A has a non-abelian
simple normal subgroup T such that G < T and (G, T ) is as given in Theorem 1.1. Since G
is symmetric and G < TEA, |Gv| and |Tv| are divisible by 5, and since |T |/|G| = |Tv|/|Gv|,
by Proposition 2.1 (G, T ) = (An−1, An) with n ≥ 6, n
∣
∣ 29 · 32 and n 6= 29, 28, 27, 26, 29 ·
3, 28 · 3.
Let (G, T ) = (A23−1, A23) or (A32−1, A32). By Lemma 3.4, GE A, a contradiction.
Let (G, T ) = (A2·32−1, A2·32). By Proposition 2.1, (Gv, Tv) ∼= (F20 × Z2, A4 × A5) or
(F20 × Z4, (A4 × A5) ⋊ Z2). However, by MAGMA, A4 × A5 or (A4 × A5) ⋊ Z2 has no
subgroup isomorphic to F20 × Z2 or F20 × Z4, respectively, a contradiction.
Let T = A6. Then G = A5 and by Lemma 3.4, Γ = K6 and A = S6. To finish the
proof, we only need to show that for n = 25, 27 · 3, 27 · 32, 28 · 32 and 29 · 32, we have A = T .
To do this, it suffices to show Av = Tv because A = TAv.
Let n = 29 · 32 or 28 · 32. By Proposition 2.1, (Gv, Tv) ∼= (Z5,Z62 ⋊ ΓL(2, 4)) or
(D5,Z62 ⋊ ΓL(2, 4)), respectively. This forces Av = Tv because Tv ≤ Av, as required.
Let n = 27 · 32. By Proposition 2.1, (Gv, Tv) ∼= (Z5,AΓL(2, 4)), (F20,Z62 ⋊ ΓL(2, 4)) or
(D10,Z62⋊ΓL(2, 4)). Clearly, if (Gv, Tv) ∼= (F20,Z
6
2⋊ΓL(2, 4)) or (D10,Z
6
2⋊ΓL(2, 4)), then
Tv = Av. Assume (Gv, Tv) ∼= (Z5,AΓL(2, 4)). If Tv 6= Av, then by Proposition 2.1 we have
Av = Z62 ⋊ ΓL(2, 4), and since T E A, we have Tv E Av. This implies that Z
6
2 ⋊ ΓL(2, 4)
has a normal subgroup isomorphic to AΓL(2, 4), which is impossible by [30, Theorem 1.1]
and MAGMA. Thus, Tv = Av, as required.
Let n = 27 · 3. By Proposition 2.1, (Gv, Tv) ∼= (Z5,AΣL(2, 4)) or (A5,Z62 ⋊ ΓL(2, 4)).
For the latter, Av = Tv. Assume (Gv, Tv) ∼= (Z5,AΣL(2, 4)). If Av 6= Tv then by
Proposition 2.1 we have Av = Z62 ⋊ ΓL(2, 4) or AΓL(2, 4), which are impossible because
Z62 ⋊ ΓL(2, 4) and AΓL(2, 4) have no normal subgroup isomorphic to AΣL(2, 4) by [30,
Theorem 1.1] and MAGMA. Thus, Tv = Av, as required.
Let n = 25. By Proposition 2.1, (Gv, Tv) ∼= (A5,AΣL(2, 4)) or (A4×A5,Z62⋊ΓL(2, 4)).
A similar argument to the above paragraph implies Tv = Av, as required. This completes
the proof of Corollary 1.2.
The proof of Corollary 1.3: Let G be a non-abelian simple group and Γ a connected
pentavalent G-regular graph with v ∈ V (Γ). Let A = Aut(Γ) and R the radical of A.
To prove the corollary, we may assume G 5 A. By Theorem 1.1, A contains non-abelian
simple normal subgroup T containing G such that (G, T ) is given in Theorem 1.1. Since
G is regular and G < T EA, Gv = 1 and T is symmetric. Since |T |/|G| = |Tv|/|Gv| = |Tv|,
by Proposition 2.1, (G, T ) = (An−1, An) with n = 2 · 5, 2
2 · 5, 23 · 5, 2 · 3 · 5, 24 · 5, 23 · 3 · 5,
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24 · 32 · 5, 26 · 3 · 5, 25 · 32 · 5, 27 · 3 · 5, 26 · 32 · 5, 27 · 32 · 5 or 29 · 32 · 5.
To end the paper, we give an example to show that the pair (G, T ) = (A39, A40) in
Corollary 1.3 can happen.
Example 3.8 Let G = A39 and T = A40. Define x, y, z, g ∈ T as following:
x = (1 2 7 18 5)(3 11 8 17 14)(4 9 22 33 15)(6 20 19 10 21) (12 28 26 31 23)
(13 27 24 32 30)(16 35 34 25 36)(29 39 38 40 37),
y = (1 3 12 6)(2 8 23 10)(4 13 29 16)(5 17 28 19)(7 14 31 20)(9 24 37 25)
(11 26 21 18)(15 32 39 34) (22 30 40 35)(27 38 36 33),
z = (1 4)(2 9)(3 13)(5 15)(6 16)(7 22)(8 24)(10 25)(11 27)(12 29)(14 30) (17 32)
(18 33)(19 34)(20 35)(21 36)(23 37)(26 38)(28 39)(31 40),
g = (1 7)(2 24)(3 14)(4 40)(5 11)(6 20)(8 37)(9 10)(12 31)(13 35)(15 36)(16 30)
(17 26)(18 19)(21 28)(22 29)(23 25)(27 39)(32 33)(34 38).
By MAGMA[1], H = 〈x, y, z〉 ∼= F20 × Z2, T = 〈H, g〉, |H : H ∩ Hg| = 5 and
H is regular on {1, 2, · · · , 40}. Thus, T = GH with G ∩ H = 1 and the coset graph
Γ = Cos(T,H,HgH) is a connected pentavalent T -symmetric G-regular graph, where G
and T are viewed as groups of automorphisms of Γ by right multiplication.
By Corollary 1.3, T E Aut(Γ). Again by MAGMA [1], Aut(T,H,HgH) ∼= H˜, where
H˜ is the automorphism group of T induced by conjugation of elements in H . Thus,
Aut(Γ) = T by [29, Lemma 2.10].
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